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Abstract 

To study how balanced or unbalanced a maximal intersecting family F C (j- n n is we 
consider the ratio F(F) = ~§fcj °f its maximum and minimum degree. We determine 
the order of magnitude of the function m(n,r), the minimum possible value of 1Z(F), 
and establish some lower and upper bounds on the function M(n,r), the maximum 
possible value of 1Z{F). To obtain constructions that show the bounds on m(n,r) 
we use a theorem of Blokhuis on the minimum size of a non-trivial blocking set in 
projective planes. 

Keywords: Intersecting families, maximum and minimum degree, blocking sets 
AMS subject classification: 05D05, 05B25 

1 Introduction 

A family F of sets is said to be intersecting if F\ n F2 7^ holds for any F\,F2 G F. In 
their seminal paper, Erdos, Ko and Rado showed [3j that if F is an intersecting family of 
r-subsets of an n-element set X (we denote this by F C ( X )), then \F\ < provided 
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that 2r < n. Lots of generalizations of the above theorem have been considered ever since 
and lots of researchers have been interested in describing how intersecting families may look 
like. One of the quantities concerning intersecting families that has been studied [21 0] is 
the unbalance U(J-) = \J-\ — A(J-") where A(J-") denotes the maximum degree in F. In 
this paper we define another notion to measure the balancedness or unbalancedness of F: 
if S(F) denotes the minimum degree in J 7 , then our aim is to determine how small and 
how large 1Z{F) = can be. To avoid 5(F) = we will always assume that UF = X. 
Also, as by considering appropriate subfamilies one could modify the value 7Z(F) easily, we 
will restrict our attention to maximal intersecting families, i.e. families with the property 
G G ( x ) \ F =>■ 3F G J 7 F H G = 0. For sake of simplicity we will also assume that the 
underlying set X of our families is [n] = {1, 2, n}. 

With the above notation and motivation we define our two main functions as follows: 

r /r n ]\ 

M(n, r) = max < 1Z(F) : I j is maximal intersecting with U J = [n] 

m(n, r) = min < TZ(F) : F C ( jis maximal intersecting with U F = [n] 

The family giving the extremal size in the theorem of Erdos, Ko and Rado seems to be a 
natural candidate for achieving the value of M(n, r). In fact, most families F that occur in 
the literature have 7Z{F) = O(-). In Section[2]we will prove the following theorems showing 
that both M(n, r) and m(n, r) have different order of magnitude. 

Theorem 1.1. (i) For any values of n and r, we have M(n,r) < n + r r . In particular, if 
r < then M(n,r) < (1 - o(l))n holds, 

(ii) if 2r + 2 < n, then 

. « n-2r + 2 
M(n, r) > n - 2r + 3 

{ r-2 J 

holds, in particular ifu(l) = r < ^°f^ n , then we obtain M(n,r) ~ n. 

At first sight, the bound r r seems to be very weak, but we will show in Section [3] that it 
cannot be strengthened too much in general. 

A trivial lower bound on m(n, r) is 1. The next theorem states that is another general 
lower and we construct families showing that this is the order of magnitude of m(n, r) as 
long as r = 0(n 1//2 ). For larger values of r we obtain regular maximal families showing the 
tightness of the trivial lower bound. 

Theorem 1.2. (i) For any n and r, the inequality m(n,r) > \ holds, 
(ii) if r < n 1 / 2 , then m{n,r) = O(^) holds, 

(Hi) if u(n l l 2 ) = r = o(n) and r(n)/n is monotone, then there exist infinitely many values 
n' and r' = r'(n') such that m(n' , r'(n')) = 1 and r ~ r' holds. 
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2 Proofs 



In this section we prove Theorem 11.11 and Theorem ll.2[ 



Proof of Theorem ] 1 . 1[ To prove (i), let us consider a maximal intersecting family F C 
Let us partition F into two subfamilies T\ and T 2 where T\ := {F G F : 3x G 
F r such that F\{i}nF'/f for all F' G J 7 } and F 2 = F\ T x . 

Claim 2.1. |F 2 | < r r . 

Proof of Claim. Let dj denote the maximum number of sets in F 2 that contain the same 
j-subset. For any j < r and j-subset J that is contained in some F G F 2 there exists an 
F' G F with J n F' = 0. Thus < rd^+i holds. Since d r = 1 and |F 2 | < r ^i, the claim 
follows. □ 

Let t denote the covering number of F, i.e. the minimum size of a set meeting all sets 
of F. Clearly, if r = r, then T\ — and thus by Claim I27T1 \F\ < r r and 7Z{F) < r r . 

Assume r < r. We will show a roughly n to 1 mapping / from F\ to F m i n , the subfamily 
containing one fixed vertex y of minimum degree. For any F G Fi let g(F) be an element of 
F so that F \ {g(F)} fl F' ^ for all F' e F (such an element exists by definition of J-i). 
Let us define f(F) = F if y G F and /(F) = F \ {^(F)} U y if y £ F. Note that f(F) G F 
as already F \ {(7(F)} meets all sets in F and by assumption F is a maximal intersecting 
family. Observe that at most n — r + 1 sets can be mapped to the same set G as all such 
sets should contain G \ {y}. This concludes the proof of (i) as 7Z(F) < TZ(Fi) + \F 2 \- 

To prove (ii) we need to show a construction. Let us write S = [2, 2r— 2] and So = [2, r— 1] 
and define 

F 1 = |{1}UG:GG ( S _ jj, F 2 ={{l,i}UH:2r-l<i<n,He L f 2 ) \ <Sb 

^3=(f), F 4 = {(S\S )U{*}:2r-l<2<n}, F=uJ =1 F,, 
Claim 2.2. The family F is maximal intersecting. 

Proof of Claim. F is clearly intersecting as all of its sets, except those coming from F 2 , 
meet S in at least r — 1 elements. A set F 2 from F 2 meets any other from F\ U F 2 as they 
both contain 1, a set from F3 because of the pigeon-hole principle, and a set from F4 as by 
definition F 2 fl S 7^ So- 

To prove the maximality of F let us consider a set T ^ F. If |T fl 5| < r — 2, then any 
r-subset of S \ T is in F and thus T cannot be added to F. As all r-subsets of S are already 
in F, it remains to deal with the cases \T fl S\ = r — 1 and |Tfl S"| = r — 2. If \Tf] S\ = r — 1, 
then 1 ^ T as those sets are in F\ and T fl S ^ S \ S as those sets are in F4. But then a 
set F from F 2 with F n S = S \ T is disjoint from T, thus T cannot be added to F. 
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Finally, if |T R S\ = r — 2, then if 1 ^ T, then {1} U (S \ T) G T\ is disjoint from T and 
thus T cannot be added to J 7 . If 1 G T, then, as T ^ J 2l w e must have T n S = S . Then 
we can find a set disjoint from T in J-4. □ 

All we have to observe is that in T the degree of 1 is ( 2 ^Z\) + ({^-2) — 1)(™ — 2r + 2) 
and the degree of i for any 2r — 1 < i < n is ( 2 r r _7 2 3 ) • □ 

Note that the proof of Theorem 11.11 (i) gives an upper bound M(n, r) < n + r r for any 
value of r and n. 

Conjecture 2.3. If r = o(n) holds, then the order of magnitude of M(n,r) is G(n). 



Now we turn our attention to the function m(n,r). In the proof of Theorem 11.21 we 
will use the following theorem by Blokhuis on blocking sets of projective planes (for a short 
survey on the topic see [6]). 

Theorem 2.4 (Blokhuis, PQ). Let Q be a projective plane of order q and B be a blocking set 
(a set that meets all lines of the projective plane) of size less than |(g + 1). If q is prime, 
then B contains a line of the projective plane. 

We will also need the following strengthening of Chebyshev's theorem. 

Theorem 2.5 (Nagura, [S]). For every integer n > 25 there exists a prime p with n < p < 
(l + l/5)n. 

Proof of Theorem \l. 6 A To prove (i) we make the following two easy observations: for any 
intersecting family T we have A(J r ) > \T\jr as for any set F G T the inequality ^2 xeF d(x) > 
IJ 7 ! holds. Also, the average degree in T equals As the average degree is at least as 
large as the minimum degree, we obtain 

TUT) = ^ > £ = ± 
1 1 S(T - rta r 2' 

Note that the proof does not use the fact that J 7 is maximal. 

To prove (ii) and (iii) we need constructions. Suppose first that r < n 1 / 2 holds. By 
Theorem 12.51 we can pick a prime p such that |r < p < |(1 + |)r = |r. Let P denote a 
projective plane of order p with vertex set [p 2 + p + 1]. Let us define the following maximal 
intersecting family 

Fn,r, P = \ F G ( J : / C F for some line / G p\ . 
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Note that J-" n>rjJ , is intersecting as any two of its sets intersect as they both contain lines of a 
projective plane and T n ^ TtV is maximal as if G G ('^) does not contain any line of P, then by 
Theorem 12.41 and r < -y we know that there exists a line I in P such that I D G = and this 
line can be extended to a set F\ D / such that Fi D G = holds. As every vertex is contained 
in p + 1 lines of P we have that <i(x) = (p + 1) (™I P Zj) + p 2 ^!^!^) if ^ ^ [p 2 + p + 1], while 
for any y G [p 2 + p + 2, n] we have d(y) = (p 2 + p + 1) (™I P I 2 ) ■ Therefore we obtain 



_ ,_ p 2 (r;: 2 2 ) + (p+i)(rM) j_ n-p-i ^ 25 n 

[ n ' p ' r) ~ (p 2 + P + 1) C:r 2 2 ) - p + 1 " r - P - 1 - 4' 



where the last inequality follows from p < ^r. Note that by the prime number theorem one 
can pick p such that p ~ |r provided that r is large enough, and thus improve the constant 
^ to 5 

It remains to prove (iii). Consider the following general construction J-^ ps C 
where 1 < is an odd integer, p is a prime, < s < | and n = &(p 2 + p + 1), r = 
2^(p + 1) + s. For 1 < i < k let Pj be a projective plane of order p with underlying set 
[(i — l)(p 2 + p + 1) + 1, i(p 2 + p + 1)] and let us define 

J~k jPjS = ^F G ' ^ con t a i ns a li ne °f -P if * G I f° r some / G ^fc+i^ | • 

As any two lines of a projective plane intersect each other and so do any 1,1' G (J+i), 

2 

the family s is intersecting and by Theorem 12.41 and s < | we obtain the maximality 
of T' k . As the construction is symmetric, all degrees are equal and therefore we obtain 

Assume that we are given a sequence of integers r = r(n) with r = (^(n 1 / 2 ). Let us pick 
a prime p with p ~ ^ and an odd integer ~ — . Then we can consider the family J-'k^s 
with any < s < p/2. Its vertex has size k(p 2 + p+ 1) = n' ~ n and by the monotonicity of 
r/n and r = uj{n 1 ^ 2 ) we obtain that the sets of have size ^-(p + 1) + s = r' ~ r. □ 



3 Concluding remarks 

As we mentioned in the Introduction, the bound of Theorem ll.il (i) cannot be strengthened 
in general as the following example shows. If n = 2r, then a maximal intersecting family J 7 
contains one set from every pair of complement sets. Thus the family F* = {F G (™) : 1 ^ 
F,F^ [r + 1, n]} U {[r]} is maximal intersecting and TZ(F*) = ©((")) = e e ( n ) holds while 

r r = p0( rll °g ?1 ) 
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In Theorem ll.2l (iii). we could show regular maximal intersecting families only for special 
values of n and r. There are two ways to generalize our construction. First, one needs not 
insist that all projective planes should be of the same order, but for the maximality one 
still needs that they should be of the same asymptotic order (one will have to choose s 
a bit more carefully). This will ruin the regularity, but for families J 7 obtained this way 
1Z (J 7 ) = l + o(l) would still hold. The other possibility is to add extra vertices that do not 
belong to UPj, similarly to the construction used for Theorem 11.21 (iii). This will enable us 
to obtain constructions for arbitrary values of n and r (provided n is large enough) but for 
these families T' we will have IZ^') = 0(— ). 

It remains open whether one can construct maximal intersecting families with 7?.-value 
1 + o(l) for any r(n). 
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